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Abstract. Let G be a connected, real, semisimple Lie group with finite center, and K a maximal 
compact subgroup of G. In this paper, we derive i<"-equivariant asymptotics for heat traces 
with remainder estimates on compact Riemannian manifolds carrying a transitive and isometric 
G-action. In particular, we compute the leading coefficient in the Minakshishundaram-Pleijel 
expansion of the heat trace for Bochner-Laplace operators on homogeneous vector bundles over 
compact locally symmetric spaces of arbitrary rank. 
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1. Introduction 

Let G be a connected, real, semisimple Lie group with finite center, acting isometrically and 
transitively on a compact, n-dimensional, real-analytic Riemannian manifold M. Let further K be 
a maximal compact subgroup of G. In this paper, we derive i^T-equi variant asymptotics for traces 
of heat semigroups associated to strongly elliptic operators on M with remainder estimates. In 
particular, if M = T\G, where L is a discrete, torsion-free, uniform subgroup of G, we compute the 
leading coefficient in the Minakshishundaram-Pleijel expansion of the heat trace of Bochner-Laplace 
operators on homogeneous vector bundles over compact, locally symmetric spaces of arbitrary rank, 
together with an estimate for the remainder. 

The study of the asymptotic behavior of heat semigroups and their kernels has a long history. 
One of the pioneering works in this direction was the derivation of an asymptotic expansion for the 
fundamental solution of the heat equation on a compact manifold by Minakshisundaram and Pleijel 
[13] . The first three coefficients in this expansion were computed by McKean and Singer [13] in 
terms of geometric quantities, yielding corresponding expansions of heat traces. This culminated 
in a heat theoretic proof of the index theorem by Atiyah, Bott and Patodi [T|. In the case of 
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Riemannian symmetric spaces, an explicit expression for the fundamental solution of the heat 
equation was given by Gangolli [10] using Harish-Chandra's Plancherel theorem. Later, Donelly 
[§] generalized the constructions in [15] and [3] to Riemannian manifolds admitting a properly 
discontinuous group of isometries with compact quotient. Following these developments, Miatello 
[14] , and DeGeorge and Wallach [8] established asymptotic expansions for heat traces of Bochner- 
Laplace operators on homogeneous vector bundles over compact, locally symmetric spaces of rank 
one. Holomorphic semigroups generated by strongly elliptic operators on Lie groups have been 
studied sytematically by Langlands [12], and Robinson and ter Elst [52], [H], giving lower and 
upper bounds for their kernels. For further references, see also [7] and [I]. 

To illustrate our results, let (tt, L 2 (M)) be the regular representation of G on the Hilbert space 
of square integrable functions on M with respect to an invariant density, and ft the group kernel 
of a strongly elliptic operator ft of order q associated to the representation tt, where t > 0. The 
corresponding heat operator is then given by e~ tn — n{ft), and characterized in Theorem Q] as a 
pseudodifferential operator of order — oo. Due to the compactness of M, this implies that Tv(ft) is 
of trace class. Using this characterization, we consider the decomposition 

L 2( M ) = L 2 (Af) CT 

aEK 

of L 2 (M) into AT-isotypic components, and derive asymptotics with remainder estimates for the 
trace 

tr(P CT o7r(/ t )oP CT ) 

of the restriction of 7r(/ t ) to the isotypic component L 2 (M) cr = P rT (L 2 (M)) as t goes to zero, 
P a being the corresponding projector, see Theorem 2] In order to do so, one has to describe the 
asymptotic behavior of certain oscillatory integrals, which has been determined before in [2T| while 
studying the spectrum of an invariant elliptic operator. The difficulty here resides in the fact that, 
since the critical sets of the corresponding phase functions are not smooth, a desingularization 
procedure is required in order to apply the method of the stationary phase in a suitable resolution 
space. In case that ft has an asymptotic expansion of the form 

3=0 

near the identity e £ G with analytic coefficients <%•(</), where d — dimG, and d(g,e) denotes the 
distance of g £ G from the identity with respect to the canonical left-invariant metric on G, we 
show in Corollary [4] that 

tr(P CT on(ft) o Pa ) = ^^J;}^ 1] c (e)vd(S/lK) +0(r-<"— ^(log^ 1 ), 

where (7r CT , V„ ) £ a, and vol (S/K) is given by local integrals over the zero level set 3 = J _1 (0) of 
the momentum map J : T*M — > (t © t)* of the underlying action of K = K x K on M. In fact, 
vol(S/IK) represents a Gaussian volume of the symplectic quotient H/K. Further, n denotes the 
dimension of a if-orbit of principal type, and H C K a principal isotropy group, while A is the 
maximal number of elements of a totally ordered subset of the set of K-isotropy types. 

As our main application, we consider the case M = T\G, where r C G is a discret, co- 
compact subgroup. The previous results, combined with Selberg's trace formula, then yield an 
asymptotic description of L a f t at the identity, where L a denotes the projector onto the isotypic 
component L 2 (G)cr of the left-regular representation (L,L 2 (G)) of G, see Proposition [3] Finally, 
for torsion- free T, we are able to compute the first coefficient in the Minakshisundaram-Pleijel 
expansion, together with an estimate for the remainder, of vector valued heat kernels on the 
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compact locally symmetric space T\G/K, generalizing part of the work in |14j and [8] to arbitrary 
rank. More precisely, let A CT be the Bochner-Laplace operator on the homogeneous vector bundle 
E a = T\(G x V a )/K — > T\G/K. Denote by \ a the Casimir eigenvalue of K corresponding to 
a G K. Then, by Theorem El 

tre- tA " = ^ /H tr ^( fcfc rV fc g l dk wl(E/ K ) + Q(e tA gt -(d imG /K-l)/ 2(logt) A- 1); 

( 27T )diraG/K t "V 

where, again, vol(S/]K) is given by a Gaussian volume of the symplectic quotient S/K. 

This paper is organized as follows. The microlocal structure of general convolution operators 
with rapidly decaying group kernels on paracompact, smooth manifolds is described in Section 
2. In Section 3, the Langlands kernel of a semigroup generated by a strongly elliptic operator 
on M is considered, and its equivariant heat trace is expressed in terms of oscillatory integrals. 
Since the occuring phase functions do have singular critical sets, the stationary phase principle 
cannot immediately be applied to describe the asymptotic behavior of those integrals. Instead, 
we rely on the results in [21] . where resolution of singularities was used to partially resolve the 
singularities of the considered critical sets. This yields short-time asymptotics with remainder 
estimates for equivariant heat traces in Section 4. Finally, in Section 5, we consider the particular 
case M = T\G, where T denotes a uniform, torsion-free lattice in G, and apply our results to heat 
traces of Bochner-Laplace operators on compact locally symmetric spaces of arbitrary rank. 

2. Convolution operators 

Let G be a connected, real, semisimple Lie group with finite center, and Lie algebra g. Denote 
by (X, Y) = tr (ad A o ad y) the Cartan-Killing form on g, and by 8 a Cartan involution of g. Let 

(1) g = e©P 

be the Cartan decomposition of g into the eigenspaces of 8, corresponding to the eigenvalues +1 
and —1 , respectively. Put {X, Y)q := — (X, 6Y). Then (•, -)g defines a left-invariant metric on 
G. With respect to this metric, we define d(g, h) as the geodesic distance between two points 
g,h G G, and set \g\ — d(g, e), where e is the identity element of G. Note that d(gig, g\h) — d(g, h) 
for all g,gi,h G G. In contrast to the Killing form, (-,-)e is no longer Ad (G)-invariant, but still 
Ad (K )-invariant, so that d(gk, hk) = d(g, h) for all g,h S G, and k G K. Indeed, one has the 
following 

Proposition 1. The modified Killing form (•, -} g is Ad (K) -invariant, which implies that the cor- 
responding Riemannian distance d on G is right K -invariant. In particular, \g\ = \kgk~ 1 \ for all 
g G G and k G K . 

Proof. This seems to be a well-known fact, but for lack of references, we include a proof here. 
Thus, let us first note that for k G K, the morphisms Ad (fc) and 8 commute. Indeed, the inclusions 
[6,4] C {, [p,p] C {!, and [t,p] C p, together with the relation Ad(e x ) = e adx , leg, imply that 
Ad (K) t C I, Ad (K) pep. Hence, Ad (k)8X = 8Ad {k)X for all X G g. But then 

(Ad (k)X, Ad (k)Y) g = - (Ad (k)X, 8Ad (k)Y) = - (Ad (k)X, Ad {k)8Y) = - (A, BY) = (X, Y) e 

for all X, Y G g, k G K, showing the Ad {K )-invariance of (•, ■)„■ 

Next, we show that the Riemannian distance d is right if -invariant. For this purpose, recall 
that for a curve c : [a, b] — >• X on a Riemannian manifold X with metric v, the length of c is given 
by 

L(c) = ( ^v c(s) {cJ{s),cJ{ S ))ds. 
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Let now c : [a, 6] — > G be a curve in G joining two points g,h G G. We then assert that 

(2) ^cffjr 1 !,^ = (dL Mto)fc -i) e Ad(fc)((di cCto) -i) c(to) c'(t )), keG, 

where L g : G — > G corresponds to left-translation by <? € G, and (dL g )h : T^G — > T g hG is its 
differential at ft. € G. Indeed, if ij. : G — > G denotes the interior automorphism ft i— > khk" 1 , 
its differential at the identity e is by definition Ad (k) — (di k ) e '■ 8- Furthermore, since 
ik = L k o R k -i — R k -i o L kl we have the identities 

Ad(fc) = (dLfc) fc -i o (dR k -i) e = (dR k -i) k o (dL k ) e . 

Similarly, L kc(to)k -i = L k o L c(to) o L k -i implies (dL kc(to)k -i) e = (dL k ) c{to)k -i o (dL c(to ) k -i o 
(dL k -i) e . The left hand side of ((2|) now reads 

^/cc(i)fc _1 | t=to = (dL k ) c{to)k -i o (<£R fe -i) c(to) (c'(io)), 
while the right hand side equals 

{dL k ) c[ta)k -i o (dL c{ta) ) k -i o (dL k -x) e o {dL k ) k -i o {dR k -i) e o (dZ c ( to )-i) c ( to )(c / (* )) 
= (dL k ) c(to)k -i o (dR k -i) c{to} o (dL c{to) ) e o (dL c(fo) -i) c(to) (c'(i )) 
= {dL k ) c{U))k -i o (dR fc -i) c ( to )(c'(i )), 
prooving @. Write (X,X) g = \\X\\ e . The Ad (if )-invariance of (•, -) e then implies 

d 



(d£fc c ( s )-lfc-l)fc c ( s )fc-i (^ fcc W fc X | 



|Ad(fc) [(rfL c(to) -i) c(to) c'(t )]|L = / |[(dIr c ( to )-i) c ( to )c'(to)|L ds = ^(c) 



Likck- 1 ) 



for arbitrary fc S A". Assume now that c is a shortest geodesic. The last equality then shows that 
fccfc -1 is a shortest geodesic, too. Otherwise there would exist a geodesic c joining kgk~ x and 
khk~ l with L(c) < L(kck^ 1 ). But then L(k~ 1 ck) < L(c), a contradiction. Therefore 

%, ft) = i(c) = Likck- 1 ) = d{kgk- 1 ^khk- 1 ) = d(gk-\ ftiT 1 ) 

for all g,h £ G, k £ K, and the proposition follows. □ 

Let us consider next a paracompact C°°-manifold M of dimension n, and assume that G acts 
on M in a smooth and transitive way. Let C(M) be the Banach space of continuous, bounded, 
complex valued functions on M, equipped with the supremum norm, and let (it, C(M)) be the 
corresponding continuous regular representation of G given by 

n(g)v(p) = v(g-p), ipeC(M), 9 eG, p e M. 

The representation of the universal enveloping algebra il of the complexification gc of g on the 
space of differentiable vectors C(M) ao will be denoted by dn. We shall also consider the regular 
representation of G on C°°(M) which, equipped with the topology of uniform convergence on com- 
pacta, becomes a Frechet space. This representation will be denoted by ir as well. Let (L, C°°(G)) 
and (R, C°°(G)) be the left, respectively right regular representation of G. A function / on G is 
said to be of at most of exponential growth, if there exists a k > such that < Ge K ' 9 ' for 

some constant G > 0, and all jeG. Let dg be a Haar measure on G. We then make the following 

Definition 1. The space of rapidly decreasing functions on G, denoted by S(G), is given by all 
functions f £ C°°(G) satisfying the following conditions: 
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i) For every n > 0, and X G 11, there exists a constant C > such that 

\dL{X)f(g)\<Ce-"M; 

ii) for every k>0, and X G it, one has dL(X)f G L 1 (G, e K ^^d G ). 

The space S(G) was first introduced in [201, an d motivated by the study of strongly elliptic 
operators, and the semigroups generated by them, see Section 3. Let us now associate to every 
/ G <S{G) and ip G C(M) the vector-valued integral f G f(g)n(g)ipdc(g) G C(M), yielding a 
continuous linear operator 

(3) tt(/)= / f(g)7r(g)dg 

Jg 

on C(M). Its restriction to C£°(M) induces a continuous linear operator 

tt(/) : C c °°(Af) — > C(M) c X>'(M), 

with Schwartz kernel given by the distribution section /Cj G V(M x M, 1 23 CIm), where fijvf 
denotes the density bundle of M. In what follows, we shall show that 7r(/) is an operator with 
smooth kernel. As we shall see, the smoothness of the operators 7r(/) is a direct consequence of 
the fact that G acts transitively on M. 

Thus, let •! (W[, (fit,) \ be a locally hnite atlas of M . By [IT], page 273, there exists a locally 
I J lEl 

finite refinement •! W L \ with the same index set such that W L C W[ for every i G I. Assume that 
I > uei 

the W[ are compact, and let {a L } l€l be a partition of unity subordinated to the atlas < (W L , ip L ) > , 
meaning that 

(a) the a L are smooth functions, and < a L < 1; 

(b) suppa t C W L ] 

( c ) E tG /a t = 1- 

Let further {a'} tg7 be another set of functions satisfying condition (a), and in addition 

(b') suppa' t C W[\ 
fc') a'~ = 1. 

Consider now the localization of 7r(/) with respect to the latter atlas 

A)u = Hf)^{uo^)] o tp-\ u G CrW), W t = C E™, 

corresponding to the diagram 

ir(f).zr, — 

C~(W t ) ^> C°°(W t ) 

C~(W t ) — C~(W t ). 
Let p G W ( . Writing ip^ — ip L o g o <p~ , and x = <^ t (p) = (xi, . . . , x n ) G W t we obtain 

A}u(a;) = / /WKiio^q^-^'W) / f{g)c L {x,g){uoipf)(x)dg, 

JG JG 

where we put c L (x,g) ~ a[(g ■ Lp^ 1 {x)). Next, define the functions 

(4) a){x,H) = e~ ix < J e i ^ x ^c l (x,g)f{g)dg. 
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Since / is rapidly falling, differentiation under the integral yields a) (x, £) G C°°(W L xE"). We can 
now state 

Theorem 1 (Structure theorem). Let M be a paracompact C°° -manifold of dimension n, and G 
a connected, real, semisimple Lie group with finite center acting on M in a smooth and transitive 
way. Let further f € S{G) be a rapidly decaying function on G. Then the operator 7r(/) is a 
pseudodifferential operator of class L~°°(A/) 7 that is, it is locally of the /orm0 

= / 



(5) A)u(x) = J e™<a){x, £)fi(£) 0%, u G C™(W L ), 

where the symbol a^(x, £) G S~°°(W,,, R") is given by (j4]) 7 and d£ = (2ir)~ n d£. In particular, the 
kernel of the operator is given by the oscillatory integral 

(6) K A y{x,y) = J e^-y^a } (x,OdZe C°°(W t x W L ). 

Proof. Our considerations will essentially follow the proof of Theorem 4 in [20], or Theorem 2 
in [19]. For a review on pseudodifferential operators, the reader is referred to [23 . Fix a chart 
(W L ,ip L ), and let p G W L , x — (xi, . . . , x n ) — f L {p) G R™. In what follows we shall show that 
a,f(x,£) belongs to the symbol class S~ 00 (W L x R"). For later purposes, we shall actually consider 
the slightly more general amplitudes 



af(x,^k 1 ,k 2 ) = e^ W M(hk 2 ■ <pT\x)) / e*" 2{xH c L (x, k ig k 2 )f(g) dg 

(7) 7 

= e- i ^ 12 (*Ha' t {k 1 k 2 -<p- 1 (x)) / eW'HcfagXLikjRfo^fMdg, 

JG 

where k\,k 2 G G. Here we took into account the unimodularity of G. In particular, a^(x, £) = 

a'fix, £; e, e). Denote by K, P the set of all g G G such that g ■ p £ W L . Assume that g G and 
write 

For X G fl one computes that 

A - x n 
dL(X)^ x ( 9 ) = -e*' " a(xH \ s=0 = /- ^ ^//.^ A ;,-, ,,(,; K 

i— 1 

where we put x itP (g) — Xi(g-p). Let {Xi, . . . , X d } be a basis of g. Since G acts locally transitively 
on W L , the n x d matrix 

{dL{X j )x itP {g)) it - 

has maximal rank. As a consequence, there exists a neighborhood C/ p of p, and indices ji, . . . , jVt 
such that 

det (^(A^K^g))^ fe ^ Vp' G C/ P . 

Hence, 

/dL(X n )^ x ,(g)\ 

: /-•: , (r/LVn.r'.r/i^. 



(8) 



^Here and in what follows we use the convention that, if not specified otherwise, integration is to be performed 
over whole Euclidean space. 
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where A4(x',g) = (dL{Xj k )x i v ~ 1 i x i)(g) ) £ GL(n,R) is an invertible matrix for all x' G ip L (U p ). 

V I / i.k ' 

Consider now the extension of A4(x',g) as an endomorphism in C^RJ?] to the symmetric algebra 
S(C 1 [R^ 1 ]) ~ C[R£]. Since M(x',g) is invertible, its extension to S JV (C 1 [R^]) is also an automor- 
phism for any N G N. Regarding the polynomials £1, . . . ,£„ as a basis in C 1 [M^], let us denote the 
image of the basis vector £j under the endomorphism Ai(x',g) by M.£j, so that by ([8) 

M^ k = -i^ x ,{g)dL{X lk W Lx ,{g), 1 < k < n. 

In this way, each polynomial ® • • • ® = ^ . . . £j N can be written as a linear combination 

(9) C = Y. K % x '^W^---M^ aV 

a 

where the A«(i', (?) are smooth functions given in terms of the matrix coefficients of Ai(x', g). We 
now have for arbitrary indices j3i, . . . , fi r and all x' G (p L (U p ) 
i^l x , (g)M^ 1 ■ ■ ■ Mfa = dL{X fjl ■ ■ ■ X Pr )^ (g) 

(10) r ~ 1 

K 1 + E E diY/S r M''9)dL{x ai ---x as )^i xl {g), 

s—1 ai....,a s 

where the coefficients „ r (x', g) are smooth functions given by the matrix coefficients of 

A4(x',g) which are at most of exponential growth in g, and independent of £, see Lemma 4 in 
|19j . The key step in proving the theorem is that, as an immediate consequence of equations 
(0) and (|10p . we can express (1 + l^l 2 )^ as a linear combination of derivatives dL(X a )ip L ^ x ,(g), 

obtaining for arbitrary N G N and x' G <p L (U p ) the equality 

2N 

(11) ^(5)(l+lel 2 ) JV = E E W,$W* a )^G0, 

r=0 \a\—r 

where the coefficients b^(x',g) are at most of exponential growth in g. Let us now show that 
af(x,&h,k 2 ) G S-°°(W L x R£) for each fixed k u k 2 £ A". Note that af(x,&h,k 2 ) £ C°°(W t x 
R^ x A x A). While differentiation with respect to £ does not alter the growth properties of the 
functions a L f (x, £; ki, k 2 ), differentiation with respect to x yields additional powers in £. As one 
computes, (d^ d x a^){x, £; fci, fe) is a finite sum of terms of the form 

^e-^^H /" ^ (^^(fc-i)/)^)^^ 

JG 

the functions dp,p,,(x, fci, fc2,g) being at most of exponential growth in g. Let next /i G 5(G), and 
assume that f 2 G C°°(G), together with all its derivatives, is at most of exponential growth. Then, 
by [50], Proposition 1, we have 

(12) / h(g)dL(X L )f 2 (g)d G (g) = (-1)^ [ dL(X z )f 1 (g)f 2 (g)d G (g), 



where for X L — X^ . . . X^ r we wrote X L = X| r . . . X^ , l being an arbitrary multi-index. Let now 
O denote an arbitrary compact set in W L . By Heine-Borel, (/?~ 1 (C) can be covered by a finite 
number of neighborhoods U p . Making use of equation (fTTj) . and integrating according to (fTS"]) . we 
obtain for arbitrary multi-indices a, /3 the estimate 

\(d^d^af)(x,C,h,k 2 )\ < ^— C a , ? ,o xeO, 
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where JVgN, since L(fci)-R(fc^ x )/ G 5(G). This proves that af(x, £; jfci, fe) £ S-°°(W t x R") for 
each fixed fei,fc2 € ^< Since equation ([5]) is an immediate consequence of the Fourier inversion 
formula, the proof of the theorem is now complete. □ 

Let dM be a fixed G-invariant density on M, and denote by L 2 (M) the space of square integrable 
functions on M. In case that M is compact, the fact that the integral operators 7r(/) have smooth 
kernels implies that they are trace-class operators in L 2 (M). Indeed, one has the following 

Lemma 1 . Let X be a compact manifold of dimension n with volume form d X . Let k : XxX — > C 
be a kernel function of class C^ n+1 ^(X x X). Then the operator 

[Kf)(p)= ( k(p,q)f(q)dX(q), f E L 2 (X,dX), 
JX 

is trace class, andtrK = J x k(p,p) dX(p). 

Proof. See [14 , Lemma 2.2. □ 
In our situation, we obtain 

Corollary 1. Let M be a compact, C°° -manifold of dimension n, andG a connected, real, semisim- 
ple Lie group with finite center acting on M in a transitive way. If f G S(G), then 7r(/) is a trace 
class operator in L 2 (M), and 



(13) trvr 



(/)=E / {a t o V >- 1 )(x)K A .(x,x)dx = y2 I ot L {p)K A Mp),y b {p))j,{p)dM(p), 
i Jw t I Jm 

where dx denotes Lebesgue measure in W 1 , and {ip u )*{dx) ~ j L dM . 

Proof. By TheoremQ] , K f £ C°°(M x M, 1 H Q M ). Locally, the kernel K f is determined by the 
smooth functions © . Restricting the latter to the respective diagonals in W L , one obtains a family 
of functions on M 

k){p) = K A > f (<p<.(p),tpv(p)), P G Wt, 

which define a density kfdM S C°°(M, VIm) on M. Since M is compact, it can be integrated, and 
by Lemma [1] we get 

tT7r(/) = / k f (p) dM(p) = V / (a t o <p- l )(x)K A >(x, x)dx = Y i L ^( P )k } {p)j L (p)dM{p), 

JM L JW L L JW L 

where we wrote (<p L )*(dx) = j L dM. □ 



3. EQUIVARIANT HEAT ASYMPTOTICS 

From now on, let M be a closed, real-analytic Riemannian manifold of dimension n, and G a 
connected, real, semisimple Lie group with finite center acting transitively and isometrically on 
M. Assume that M is endowed with a G-invariant density dM. Consider further a maximal 
compact subgroup K of G, and let K denote the set of all equivalence classes of unitary irreducible 
representations of K . Let (7r ff , V a ) be a unitary irreducible representation of K of dimension do- 
belonging to a G K, and Xo-(&) = tr7r CT (fc) the corresponding character. As a unitary representation 
of K, (ir,L 2 (M)) decomposes into isotypic components according to 

L 2 (A/) ~ L 2 (M) a , 
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where L 2 (M) a = P IJ {L 2 {M)), and P a = d a J K x<j{k)it(k) dk is the corresponding projector in 
L 2 (M), dk being a Haar measure on K. Let / G S(G), and consider the restriction P a o 7r(/) o P a 
of the integral operator 7r(/) to the isotypic component L 2 (M) a . As one computes, for ip G L 2 (M), 



[P a OK(f)oP a ]v{p)=di / X a(k)[K(f)oP a } l p(k-p)dk 

JK 



K JG 



X<j(k)f(g)Pa<p(gk-p)dgdk 



X<?{k)f{g)x<?{ki)v{kigk ■ p) dki dg dk. 



K JG JK 



Since G is unimodular, one obtains 

(14) P CT o 7 r(/)oP a = 7r (ffJ), 

where HJ G S(G) is given by 



(15) 



K JK 



Clearly, HJ G <S(G), compare [2], Proposition 2.4. Note that if / is i-T-bi-invariant, 7r(/) commutes 
with P ai so that P cr on(f)oP cr = P a on(f) = Tr(f)oP a . In Section 5, we shall also consider kernels 
of the form 

/(fcf 1 gk~ 1 )a ij (k)ai m (k 1 ) dk dk x 



fJ {2n )n^J K J K 



K JK 

where o~ij{k) = (e^, Ha{k)ej) are matrix elements of a with respect to a basis {e^} of V a . With the 
notation as in the previous section we now have the following 

Proposition 2. Let f G S(G), and a G K . Then tt(HJ) is of trace class, and 

e^ ip ^ kl ^a L (p)a:(k 1 k-p)'xAhjx7W) 

ik Jt*m 

■ afi^ip),^ k u k)j b {p)d{T*M)(p,£) dkdkx, 
where d(T* M)(p, £) denotes the canonical density on the cotangent bundle T*M, and we set 

$a{p,£.,ki,k) = {(pz(kik-p) - <Mp)) ' 
while af(x > t;ki ) k 2 ) G S~°°(W L x R£) was defined in (JH). 

Proof. By CorollaryO] tt(HJ) is of trace class, and at the microlocal level one has 

n(HJ)(u o ^)] (y:\x)) = A^u(x), u G Cf 
where A^<r is given by ((5]). By the unimodularity of G, together with (j4j and ([6]), 



K A ,(x,y) = / e^^'Hj^Od? 



s Cl (x,g)m(g)dg 



/( 9 ) e «(rf 19fe W-v)-f Ct(;ri k l9 k) X a(ki)x,(k) dk dk, dg 



L/G Jif J/f 

Let ^ S C£°(R™,R + ) be equal 1 near the origin, and £ > 0. By Lebesgue's theorem on bounded 
convergence, 



KWz.y) = lim I e^-y^a^ H Jx^)^)dL 
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since a L H j(x,t;) is rapidly falling in £. Arguing as in the proof of Corollary [TJ one obtains for 
trir(HJ) the expression 

Urn 4 2 A III / e i ^'( fc ^ fe -f)-^^»-f/(5)a l (p)c l (^(p) ) feifffc)x<r(fei)x<r(*:)V'(eO 

■jt (p) dk dki dg d£ dM(p) 
= lira d 2 a 53/ [III e l( ^ (fel9fe - p) ~ ¥,r(fclfc - p)) -«e l( ^ (fclfe - p) ~ v ' (p)) -«/( ff )a t (p) 

■a'^kxgk ■ p)a~ L (kik ■ p)a~(kik ■ p)x<y{^i)Xc{k)ijj{e£,)j l ,(p) dkdki dgd£dM(p) 
= Km45~;/ / / / ^(^-^^(pjarfafr ■p)x«r(*i)x«,(*)V'(eO 

■a) L {ip L {p), £; fci, fc)j t (p) Ct£dM(p) dk dki, 

where the change of order of integration is permissible, since everything is absolutely convergent. 
Note that we used the equality 

1 = 53 az(kik ■ p)a~{k\k ■ p). 
z 

Finally, it was shown in the proof of Theorem [T] that a l f(ip^{p),^;ki,k) is rapidly falling in £, so 
that we can pass to the limit under the integral, and the assertion follows. □ 

In what follows, we shall address the case where / = /* G S(G), t > 0, is the Langlands kernel 
of a semigroup generated by a strongly elliptic operator associated to the representation n. Our 
main goal will be the derivation of asymptotics for 

tr 7 r(^)=tr(P <7 o 7 r(/ t )oP CT ) 

as t — > + . Thus, let Q be a Lie group and (n, B) a continuous representation of Q in some Banach 
space B. Denote by g the Lie algebra of Q, and by Xi, . . . ,Xj a basis of it. Consider further a 
strongly elliptic differential operator of order q associated to ir 

(16) = 53 c a dn(X a ), 

\oc\<q 

meaning that Re (-I) 9 / 2 53 c a£" > for all £ e R d , and some k > 0. The general thc- 

a—q 

ory of strongly continuous semigroups establishes that its closure generates a strongly continuous 
holomorphic semigroup of bounded operators which is given by 

(17) S T = ^- I e AT (Al + ny^x, 

lm J A 

where A is an appropiate path in C coming from infinity and going to infinity, and |argr| < 77 
for an appropiate 77 G (0, 7r/2]. The integral converges uniformly with respect to the operator 
norm, and for t > 0, the semigroup St can be characterized by a convolution semigroup {^t\ t >a 
of complexes measures on Q according to 

St= n(g)dfj, t {g), 
Jg 

the representation n being measurable with respect to the measures fit- The fit are absolutely 
continuous with respect to Haar measure dg on Q so that, if we denote by ft{g) £ L x {Q,dg) the 
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corresponding Radon-Nikodym derivatives, one has an expressions 

(18) S t = 7r(/ t ) = f MgMg)dg(g), t > 0. 

JG 

The function ft(g) £ L 1 (^,dg) is analytic in t £ R+ and g £ G, universal for all Banach represen- 
tations, and one can show that ft £ S(Q). Moreover, it satisfies the following L°° upper bounds. 
There exist constants a, b,ci,C2 > and uj > such that 

(19) \{dL{X")d l J t ){ g )\ t=r < ac^4\a\Hlr' i ^- l e-e- b ^ q ^ 1/(q ' 1) 

for all r > 0, g £ G, I £ N, and multi-indices a. For a complete exposition of these facts the reader 
is referred to 22J, pages 30, 152, and 209, or 24 . In what follows, we shall call f t the Langlands, 
or group kernel of the holomorphic semigroup St- Returning to our situation, let Q = G, and 7r 
be the regular representation of G on L 2 (M). Let us mention that as a consequence of the bounds 
(|19l) . we have the following 

Corollary 2. There exist constants a,b,Ci,C2 > and lu > such that 

\{dL{X«)d\Hl){ 9 )\t =T < acclaim T-^- ^ e-e- b ( i^ ^> 1/<9 - 1, 
for all t > 0, g £ G, ! 6 N, and multi-indices a. 
Proof. Clearly, 

\H%{g)\ t = T < dl f f \f t (k^gk- x ))\dkdh. 
Jk Jk 

According to (|19|) we therefore have 

\H° t (g)\ < dlat-U^ J k exp Lb ( M^T ) ^ dk dk u 

where \k^ 1 gk^ 1 \ = d(k^ 1 gk~ 1 ,e) = d(gk^ 1 ,k 1 ). Put X = G/K, and let g = t © p be a Cartan 
decomposition of g. By restriction of the Killing form to T e X ~ p one obtains an invariant 
Riemannian metric on X such that the canonical projection map G — ► X becomes a Riemannian 
submersion. Now, if d(gK, hK) denotes the geodesic distance on X, 

\g\ = d(g,e)>d(gK > K), g£G, 

compare 17], Theorem 3.1. By applying similar arguments to the derivatives, the corollary follows. 

□ 

Let f3 £ C£°(G), < f3 < 1 have support in a sufficiently small neighborhood U of e £ G 
satisfying U = U -1 , and assume that /? = 1 close to e. We then have the following 

Theorem 2. Consider a strongly elliptic differential operator Q of order q > 2 associated to 
(7r,L 2 (M)) ; and the corresponding semigroup St = 7r(/t) wii/i Langlands kernel ft, t > 0. Lei 
a £ K . Then 

tv7r(H%)=tvn(H^)+0(t 00 ), 

where 

-b' u (v,(p),ilt ll, -M,k);h{p)i{T'M){p,t)<tl<dk l , t > 0, 

and 

6» t (pU;fci,A:) = e-^(*>*-P)-« / ^^^(^(p), k l9 k)f t {g)0(g) dg 

Ju 
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is rapidly decaying in £, and vanishes if k\k-p $ W[. Furthermore, for any multi-indices a, /3,Si,S 

\dZdld{\d{[b) t {x^/t 1 ^-k 1 M\<G 
for some constant C > independent of < t < 1 . 

Proof. To determine the asymptotic behavior of tr7r(ifj t ) as t — > by means of Proposition [2j 
we first have to examine the i-dependence of the amplitude a^(tys t (p),£; fci, fc) as t — > for fixed 
k, k\ £ K. Let < j3 < 1 be a test function on G with support in a sufficiently small neighborhood 
U = U^ 1 of the identity that is identically 1 on a ball of radius R > around e, and consider for 

/ e 5(G) 

1 a> r (a;,€;Ai,fe a ) = e- < » , ? 1 * a W-CQl(*; 1 A 2 .^- 1 (a')) / e*'* 1 '* 3 (xH c t (x, k l9 k 2 )f{g) 

JG 

■Q.-0){g)dg, 

2 af(x,^k 1 ,k 2 ) = e- i ^ lk2 ^M(k 1 k 2 - V >- 1 (x)) J e^^^c^hgk^fig) 

■P(g)dg. 

Similarly to (fTTj). one has for arbitrary N £ N the equality 

27V 

(20) ^x(*isW + KIT = £ ^ b^gM, k 2 )dL{X a )[^l x {k ig k 2 )], 

r=0 |a|=r 

where the coefficients 6^ (x,g, ki, k 2 ) are at most of exponential growth in g. With (|12p and (|19p 
we obtain 

i^fooo.fcAi.Aoi < C (i + |^|2 ) -^ e ^ t - ( d+ 2JV )/, e _ 6 ^/(«-^[^---i] r e -b\ 9 \^-v e «\ a \ dg 

JG 

for small t > 0, and constants 6, c > 0, k, w > 0. Consequently, 1 o^(x, ^; fci, fc) vanishes to all 
orders as i — > 0, or |£| — >• oo, provided that q > 2, and with Proposition^ we obtain the equality 

tr7r(ij; t )=tr4i/; t(3 ) + 0(^) 

= 7^E/ / / e^-^^ fc - fc )a t (p)a,(fcifc-p)x CT (fci)x.(fe) 
^ > u -> K -> K Jt*m 

■ 2 a% (^(p), £; fci, fc)j t (p) d(T*M)(p, £) dfc dfc + 0(t") 

for any JV e N. Let r/> g C£°(R™,R + ) be equal 1 near the origin, and e > 0. Repeating the 
arguments in the proof of Proposition [2] with / replaced by ft ■ j3 one obtains for tnr(HJ t ^) the 
expression 

lim^V f_ [ f f f e^'( fc ^ fe -P)-^(f))-€/ t (« ? ) / 3(.g)a t ( J5 ) Ct (^(p),fc 1 .gfc) XCT (fc 1 ) XCT (fc)V(£a 
i JwJ JuJkJk 

■j u {p) dk dk\ dg <t£ dM(p) 

= lim4V/ / / / /'e i ^'( fafffc -rt-^(* 1 ^)- 6 e i ^* (fclfc ^- v 'W) -6 /t(5) j 9(ff)a t (p) 
e^o ^ ,/y ,/ K 7 



■Oi' L {kigk • jj)x ff (fci)Xff(fc)V'( e £)ji(p) d£dM(p) dk dk x dg. 
Here we took into account that U C G can be chosen so small that for all hi, k 2 £ K, g £ U, and 

L£l _ 

k\gk 2 ■ p £ supp a[ fcifc 2 ■ p £ W' L , 
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since / can be assumed to be finite due to the compactness of M. Consequently 

b){x,tMM) = e-^ lk2 ^< f e^ lak2 ^<c,( X ,k ig k 2 )f(g)f3(g)dg, /6 5(G), 



u 



is well defined, and (^(p), £; fci, fc) = for k\k -p ^ W[. From the considerations in the proof 
of TheoremHJ and jll it follows that b' f (x, f; hi, k 2 ) G S-°°(W L x R n ) for arbitrary ki,k 2 G K. 
Thus, we arrive at 

tr7r(ff^) = lim4V f [ [_ / e^^-^^a^xA^xAk)^) 

t JKJKJW L J 

■ b% (tp t (p) ,£;ki, k)j L (p) <% dM(p) dk dk, . 

By passing to the limit under the integral, and performing the substitution £ — > £/t 1 / q , one finally 
arrives at the desired result. To examine the ^-dependence of the amplitude b^ t (ip L {j>)^/t 1 / q ; ki, k) 
as t — > 0, introduce canonical coordinates on U according to 

(21) * : M d 3 C = (Ci, ...,&) ^9 = e^ X< G U. 

By the analyticity of the G-action on M we have the power expansion 

{tf lk (x) -^ Bk {x)]j = J2 4(*>*i>*)C a > geU,xeW L , 

\a\>0 

where the coefficients c^,(x, ki, k) depend analytically on x, k\, and k. Performing the substitution 
£ n> i 1 / 9 ^, and taking into account the bounds fp~9|) . one computes 

\V ft (x,t/t L '*;kx,k)\=* i/q f e^i^—^^^^^^^^^c.^fcie^^^fc) 
■{f t P){e^^W{d G ){0 <e'e«* [ e^'KI^ **(d G )( C ) 



for some constants 6', c' > 0, and uj > 0, where we took into account that there exists some constant 
C > such that C _1 |C| < \g | < C | C I - A similar examination of the derivatives finally yields for 
small t > the estimate 

for some constant C > independent of < t < 1, and arbitrary indices a,/3,6\,5. □ 

Remark 1. Note that since 6^ is rapidly decaying in £, for any N G N there exists a constant 
cjv > such that 

|6/ t ^W.«/* S (l + |^/ t l/9|2)iV - (*2/9 + |^|2)iV S [|p ■ 

Therefore, if G C£°(K", [0, 1]) is a cut-off function such that 0(£) = 1 for |£| < 1, and 0(£) = 
for |C| > 2, then 

/ |6} t (^(p),eA 1/<z ;fc 1 ,fc)|(l-^))d(r*Af)(p,0*dfc 1 <cvt 2JV/9 

I K J K JT*M 

for any iV G N, and suitable constants G^v- 
Let us now regard the compact group 

K = K x K 
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with Haar measure cIk = AkAk- Take a G K, and (~K a , V a ) G a. Then (7r CT © 7r CT , V a © V a ) is an 
unitary irreducible representation of K belonging to a © a G IK of dimension = d\ , and the 

corresponding character is given by 

In what follows, we shall also write (k%, k) -p = k%k-p for the K-action on M. Note that this action 
is still isometric, but no longer effective. 

Corollary 3. Let a G K , and ip G C£°(R",IR + ) be equal 1 near the origin. Let further t,e > 0. 
TTien 

• 6} t ( Vt (p) , e A 1/9 ; *i , fe)^ (eO i» (p) m) 0, rf K (to , fc) + o (t 00 ) . 

Proof. This is an immediate consequence of Theorem [2] and Lebesgue's theorem on bounded 
convergence. □ 

4. Singular equivariant asymptotics and resolution of singularities 

The considerations of the previous section showed that, in order to describe the traces tr ^(HJ t ) = 
tr(P CT o 7r(/t) o P a ) as t — > + , one has to study the asymptotic behavior of oscillatory integrals of 
the form 

(22) 1(h) = f f _e i *<P<Muk)fr a ( klk . P) p t z tkl ,k)d(T*M)(p,t)Mh,k) 

Jt*w 

as /i — >• + by means of the stationary phase principle, where (tp, W) are local coordinates on M, 
while a G C£°(W x T*W x K) is an amplitude which might depend on [i, and 

(23) S(p, & fci, fc) = (^((fci , fc) ■ p) - p(p)) • £. 

Consider for this the cotangent bundle 7r : T*M — > M, as well as the tangent bundle r : T(T*M) — > 
T*M, and define on T*M the Liouville form 

9(X) = r(X)MX)], X G T(T*M). 

Regard T*M as a symplectic manifold with symplectic form w — e?8, and define for any element 
X in the Lie algebra t © 6 of K the function 

J X :T*M— >R, r)^G(X)(r)), 

where X denotes the fundamental vector field on T*M, respectively M, generated by X. K acts 
on T*M in a Hamiltonian way, and the corresponding symplectic momentum map is given by 

J : T*M — s> ({ © {)*, l(n)(X) = J x (rj). 

Let us next compute the critical set of the phase function $. Clearly, $(p, £, k\ t k) =0 if, and 
only if kik ■ p — p. Write ip(p) = (xi, . . . , x n ), rj — ^ £i(dxi) p G T*W. Assuming that kik • p = p, 
one computes for any X G 6 © 4 

^(^(e~ tx (fo.fc) .p) • = ^e^ P (^) = ^>(^)p(*p) = r>(X p ) = Q{X){n) = $(rj)(X), 

so that ^(fc^fc) 3>(p, £,ki,k) — if, and only if J(ry) = 0. A further computation shows that 
d x ^( l f- 1 {x),^,ki,k) = f^oA^o^ 1 )^-!]^ ((fcifc)* - 1) 
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so that dp $(p, £, ki, k) = amounts precisely to the condition (fcifc)*£ = £. Collecting everything 
together one obtains 

Crit($) = {(?,£,*!,*) G x K : ($*) (p . 5 , fcl . fe) = o} 

(24) _ J 

= { (p, H,k ll k)e(ZnT*W)xK: (k, , k) ■ (p, = (p, } , 

where E = JJ~ 1 (0) denotes the zero level of the momentum map of K. Now, the major difficulty 
resides in the fact that, unless the K-action on T*M is free, the considered momentum map is not 
a submersion, so that 3 and Crit($) are not smooth manifolds. The stationary phase theorem can 
therefore not immediately be applied to the integrals I(fj). Nevertheless, it was shown in [21] that 
by constructing a strong resolution of the set 

Af = {{p, ki,k) G M x K: (k 1 ,k)-p = p) 

a partial desingularization Z : X — > X = T*M x K of the set 

C = {(p,tk 1 ,k) eSxK: (*!,*)• (p,0 = (P,e)} 

can be achieved, and applying the stationary phase theorem in the resolution space, an asymptotic 
description of 1(h) can be obtained. More precisely, the map Z yields a partial monomialization 
of the local ideal = ($) generated by the phase function (|23|) according to 

^(^)-%x=n^-^ i ( / *)-%x. 

where denotes the structure sheaf of rings of X, o~j are local coordinate functions near each 
i£X, and lj natural numbers. As a consequence, the phase function factorizes locally according 
to $ o Z = ]JaJ ■ $™ fe , and one shows that the weak transforms & wk have clean critical sets. 
Asymptotics for the integrals L(fj-) are then obtained by pulling them back to the resolution space 
X, and applying the stationary phase theorem to the <& wk with the variables Gj as parameters. As 
a consequence, one obtains 

Theorem 3. Let M be a connected, closed Riemannian manifold, and K a compact, connected 
Lie group acting isometrically on M . For K = K X K , consider the oscillatory integral 

l(M)= I / „e i *^ fcl ' fc )/"a((fe ll fe)-p,p I ^fe 1 ,A;)d(T*M)(p,0(iK(A;i,fc), n > 0, 
Jk Jt"w 

where (<p,W) are local coordinates on M, while a E C^°(W x T*W x K) is an amplitude which 
might depend on the parameter fj,, and $(p, £, fci, fc) = (ip((k\,k) ■ p) — f(jp)) ■ £• Furthermore, 
assume that for all multi-indices one has \ d™ 9^ 9^ d s k a\ < C with a constant C > independent 
of pi. Then 1(h) has the asymptotic expansion 

I(^) = (27^)^0 + 0( f j." +1 Qa S iM-y- 1 ), /i 0+, 

where k is the dimension of a WL-orbit of principal type in M , A the maximal number of elements 
of a totally ordered subset of the set of Wi-isotropy types, and the leading coefficient is given by 

(25) 4>=/ ^ k ^ P : P ^ kl,k) ^d(RegC)(p^k u kl 



|det $"(p,£,ki,k) 



N ( P ,(,k 1 ,k)'RcgC 



where RegC denotes the regular part of C, and d(RegC) the induced volume density. Ln particular, 
the integral over RegC exists. 

Proof. See [Hj, Theorem 11. □ 
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As a consequence, one obtains the following asymptotic description as t — > for tr7r(ifj t 
tr(P a on{f t )oP a ). 

Theorem 4. Let <j 6 K, and t > 0. Then 

tr7r (#/J - <0 J-Zl- K )h E / (pW ft fa (p) , Z/t 1/q ;h,k) ( X * ® xa ) (fci , fc)j t (p) 

v ^ t -'RegC 

d(B«gC)(P,e,*i,*) +0(t -(»— D/^og^A-!), 



|det (p,£,k u k) NiPt(tki k)Rcg c| 1/2 

where n is the dimension of a K-orbit of principal type in M, and A i/ie maximal number of 
elements of a totally ordered subset of the set of ¥L-isotropy types. 

Proof. This is an immediate consequence of Corollary[31 and Thcorcm[31 together with Lebesgue's 
theorem on bounded convergence. □ 

In general, it is not possible to obtain more explicit expressions for the leading term, unless one 
has more knowledge about the Langlands kernels ft as t — > 0. In particular, the bounds (TK)|) are 
not sufficient for this purpose. We shall therefore make the following assumption, which should 
hold in many cases. 

Assumption 1. The function f t has an asymptotic expansion of the form 

3=0 

where b > 0, and the coefficients Cj(g) are analytic in g. 

We then have the following 
Corollary 4. Let Assumption 1 be fulfilled. Then 

da®c r , „ x . -.iV f i: l e\ l \a ( \ d ( Re S^)(P,0 



+ 0( r («-«-l)/9(l0gt) A - 1 ) ) 



where A(p,0 = co(e) / R<1 e^i^W^^'e- 6 !^^'!' 7 " 1, **(d G )(C) is rapidly falling in £, and 
0( Pj ^) denotes the K-orbit in T*M through (p, £), w/ii/e [(7r ff (8) tivW : 1] is i/ie multiplicity of 
the trivial representation in the restriction of the unitary irreducible representation 7r CT ® 7r CT to a 
principal isotopy group Hcl, Actually, 



!(S/K) = W ^(p.CKW^p) 

. •» Rce S 



d(Re g a)(p,0 



'Reg a v °lO(p£) 



represents a Gaussian volume of the symplectic quotient S/K. 
Proof. On Reg C we have k\ k ■ p = p, so that 



e 
u 



<[«>. (s-p)-^(p)] ■« ^ (5 . p ) (/tj8) (fci -i 5fcl ) d5; 
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since we can assume that U is invariant under conjugation with K. Consider further, with respect 
to the coordinates (|2Tj). the expansion 

[<p t (g-p)- <p t (p)]j = MC" > 9^U,p€ W L , 

\a\>0 

where the coefficients c J a {p) depend analytically on p. Under Assumption 1, Taylor expansion in 
r = t 1 ^ at r = gives 

Jt-V*9-i(U) 

(26) = / e'Ew^WC^'W/^V^ 

. e -K|e tI/ ^C i x < | Vt) V(,-x)^ (fc _ letl / SEC<Xifci) ^ (rfG)(c)+0(t) 

= alb)co(e) / e < Sw^(P)C,€ Je -6|«Sc^|«/(«-i)^ (dc)(0 + 0(tl/g)j 



where the notation is the same as in the proof of Theorem [2j Here we took into account that by 
Proposition Q] we have \g\ = \kgk~ 1 \ for all g G G and k G A". Furthermore, |e* /9 51 = 
| e Z)CiAi|^ j^gi; ug now remark that for any smooth, compactly supported function u on S PI T*W L , 
and any w G C°°(K), one has the formula 

(27) / y(^fc)»(p,Qd(itegC)(p^,fci,fc) = [ v{kuk)dkldk .[ uM ^^M 



lRc g c\^ et ^i',(P,tkl,k) lN(pikik)Rcg c\ 1/2 Ju ' JRcgE ' vol °(p,i) 

compare [6], Lemma 7, where H is a principal K-isotropy group, and the K-orbit in T*M 

through (p, £). In particular, 



(x<T ® X<r)(fci, k)dkidk = [(ir a (g) n^)^ : 1], 

where [(jr a (8> 7r<r)|]i : 1] denotes the multiplicity of the trivial representation in the restriction to H 
of the unitary irreducible representation it „ it a . The assertion now follows with Theorem 21 □ 

To motivate Assumption 1, and to illustrate our results, let us consider the classical heat kernel 
on G. Thus, consider a Cartan decomposition of g as in (Q]) , and let X\, . . . X p be an orthonormal 
basis of p, and Y\, . . ., Yj an orthonormal basis for % with respect to (•, ■)$. If f2 and VI k denote the 
Casimir elements of G and K, one has 

z— 1 i— 1 2—1 

Let 

p I 

p = -n + 2n K = -J2 x ? - E^ 2 - 

i=i i=i 

Then dR(P) is the Beltrami-Laplace operator on G with respect to the left invariant metric. 
dR(P) is a strongly elliptic operator associated to R, and generates a strongly continuous semi- 
group which coincides with the classical heat semigroup e~ tA ° , whose kernel pt is given by the 
corresponding universal Langlands kernel. In particular, 

(28) e- tA « = R( Pt ), 
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see [17j . Section 3. Let us now recall that on Riemannian manifolds admitting a properly discontin- 
uous group of isometries with compact quotient, a fundamental solution of the heat equation with 
Gaussian bounds can be constructed explicitly [3]. Furthermore, every real, semisimple Lie group 
possesses a discrete, torsion- free subgroup with compact quotient [5]. If therefore H(t,g,h) is the 
fundamental solution of the heat equation d / dt + on G constructed in this way, the Gauss- 
ian bounds imply that it coincides with the Langlands kernel pt, so that H(t,g,h) = p t (g^ 1 h). 
Furthermore, one has an asymptotic expansion of the form 

oo 

H(t,g,h) ~ (ATrty^e-^ ^Vtyfo/i), 

3=0 

valid in a sufficiently small neighborhood of the diagonal in G x G, see [SJ, Theorem 3.3. As before, 
d(g, h) denotes the geodesic distance between two points with respect to the left invariant metric 
on G, and uo(g,g) = 1. Corollary [4] then implies 



Corollary 5. Let A G be the Laplace- Beltrami operator on G, andp t € S{G) its heat kernel. Then 

d a 

(27r) n_K i(™~ K )/ 2 1 

where 

d(RegS)(p,0 



= ■ l]vol(E/K) + 0(t-^ -^(log^- 1 ; 



vol (S/K) = T f ^ 4 (p,0«*(pK(p) ! 



' Reg S v °lO(p^) 

andT L (p,0 = (^r d/2 J Rd e^^^e-^^/^idG)^). 

□ 

5. Homogeneous vector bundles on compact locally symmetric spaces 

In this section, we apply the previous analysis to heat traces of Bochner-Laplace operators on 
compact, locally symmetric spaces. In the rank one case, this problem was already considered by 
Miatello and DeGeorge and Wallach [5]. As before, let G denote a connected, real, semisimple 
Lie group with finite center, and T a discrete, uniform subroup of G. Consider M — T\G, and de- 
note by irr(g)tp{h) = <p(hg), g, h e G, the right regular representation of G in the space i 2 (r\G) 
of square integrable functions on T\G. Since T\G is compact, the right regular representation 
decomposes discretely according to 

(29) 7r r ^0T7vr e , 

eeS 

where G stands for the set of equivalence classes of irreducible unitary representations of G, 
(ir g ,H g ) £ Q, and m e < oo denotes the multiplicity of g in (-zrr, L 2 (r\G)). For / e G^°(G), the 
Bochner integral 7rr(/) = J G f{g)^v{g) dg defines a bounded operator on L 2 (r\G) whose kernel is 
given by the G°° function 

(30) k f (g,h) = J2f(9- 1 lh), g,heG, 

the series converging uniformly on compacta. The regularity of the kernel implies that 7Tr(/) is of 
trace class, and 

tTTTj-l/l = 



(/)=/ k f (g,g)dg= [ ^ fig'^g) dg. 
Jt\g Jr \G.yer 



2 More precisely, ir r (g)tp(rh) = <p(Vhg), where Th G V\G, g £ G. 
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Note that we are slightly abusing of notation, and denoting the invariant measure on T\G also by 
dg. If / G L 1 (G), the operator Ttr(f) is still defined, but might not be of trace class. If / G S(G) 
is rapidly falling, it was shown in Theorem [T] that 7Tr(/) is a smooth operator, which by Corollary 
[T] implies that it has a well-defined trace. As in the case of a compactly supported /, one can show 
that for / G S(G) the kernel of 7rr(/) is given globally by the expression (l30l) . and that it satisfies 
Selberg's trace formula. Indeed, one has the following 

Lemma 2. Let f G S(G) be a rapidly decaying function on G. Then the series kj(g,h) = 
S 7 er /C 1 75 ) converges uniformly on compacta to a G°° function, and represents the integral 
kernel of the bounded operator 7r r (/) : L 2 (r\G) — > L 2 (T\G). 

Proof. By Definition [TJ for all n > we have the inequality 

|/(ft _1 7S)| < Ce-"!* -1 ™!, g,h€G, 
as well as for all derivatives of all orders of /. Consequently, 
(31) \ rn,- l -„\ --. \ , ' riiif! '••«/•" = *" -••''•'» » 



J2\f( h ~ 1 ^)\<J2 e ' Kd(h ' lig,e) 

7er 7 er 



E e 

7 er 



since left-translation by h is an isometry. Now, recall that for a metric space (X, d), and a discrete 
infinite subgroup V C Iso(X) of the isometry group of X the corresponding Poincare series is 
defined by 



(32) 



P{s,p,q) = e 
7er' 



sd{p,fq) 



P,(J6X, s > 0. 



By general theory [18], for each discrete subgroup T', there exists a Sr> > 0, called the critical 
exponent of V , such that P(s,p,q) converges for s > <5r' and diverges for s < <5r"- Furthermore, 
the exponent <5r" does not depend on p or q. The estimate (|31|) means that for fixed g, h G G, the 
series kf{g,h) is majorized by the Poincare series X) 7 er e~ Kd (' 19 ' h \ Choosing k > 5r, we deduce 
that kf(g, h) is absolutely convergent for fixed g,h G G. To see that (5, /i) n> fc/(g, h) is continuous, 
note that 

k f (h,g)-k f {z,g) = -E/( z_1 75) I 



7er 



< E |/(^ 1 7.9)-/(^ 1 73) +1 E WSff) +1 E f( z ~^9) 



7er 

Il7ll<« 



7er 
|| 7 ||>fl 



7er 
\h\\>R 



Since the sum X^er /(^ _1 75) converges, the last two terms in the last inequality can be made as 
small as required by choosing R big enough, while the first term becomes small if d(h, z) is small, 
being a finite some of continuous functions. Thus, (g, h) 1— > kf(g, h) is continuous. Since the same 
argument works for all derivatives, f(h, g) converges uniformly on compacta to a G°° function. To 
see that kf(g,h) represents the Schwartz kernel of 7Tr(/) for / G <S(G), note that nr(f) acts on 
if G L 2 (r\G) according to 



(33) 



(Mf)<P)W= / f(9Mhg)dg= / f '(Z^ 1 g)<p(g) dg , heG, 
Jg Jg 



the integral being absolutely convergent due to the inequality 

a, (3 G C, 



l«/?|<i|a| 2 + i|/?| 2 , 
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and the fact that if / is rapidly decreasing, / • / is rapidly decreasing, too. By Fubini's theorem, 
and the first part of the lemma we therefore obtain for each h E G 



I E/(^M^) dg= f 
Jt\g \^ er J M 



(TT, (/),-)(/,>): : / j y_j(h- ',/)/!-://) | ,/// = j ^k f (h, ^(ff) d Q , 

since (fi'jg) = <p{g)- Thus, 7Tr(/) is an integral operator with kernel kt(h, g) E C°°(r\Gxr\G). □ 
Corollary 6. Let f E S(G). Then f satisfies Selberg's trace formula 

(34) 0m e tr7r e (/) = 5>oZ(r 7 \G 7 ) / fig'^dg, 

where [7] denotes the conjugacy class 0/7 m T, and T 7 and G 7 are i/ie centralizers 0/7 in T and 
G, respectively. 

Proof. Lemma [1] and [5] yield 

tr7Tr(/) = / kf(g,g)dx= V f{g~ 1 ig)dg. 
Jr\G " /r \G 76r 

Denoting by [7] the conjugacy class of 7, and by T 7 the centralizer of 7 in T one deduces 

*Mf)= [ E E /Gr^Vs^E / E /Gr^V*?)^, 

r \ G h] 5er T \r [7] ,/r \ G «er 7 \r 

everything being uniformly convergent. Replacing the inner sum by an integral with a counting 
measure dS yields 

tr7r r (/)=E/ / /Or 1 *" Vs)^<? = E / fiv'^dy, 
[ 7 ] Jr\G^r T \r H Jr 7 \G 

where we took into account that for any sequence Gi C G2 C G of unimodular groups, a right 
invariant measure on Gi\G can be written as the product of right invariant measures on G2\G, 
and G\\G2, respectively. With the same argument, the above equality can be rewritten as 



tr 7rr(/) — ^""^ / / f{v 1 u 1 -fuv)dudv, 

r j </G~AG «/r\v\G-v 



u 7 \G Jr T \G 7 



where G 7 denotes the centralizer of 7 in G. Since it lr yu = 7, and T 7 \G 7 is compact, one finally 
obtains the geometric side of the trace formula 

ttMf) = E vol ( r 7\G 7 ) / fig-^dg. 

[ 7 ] Jg~,\g 

To obtain the spectral side, note that according to the decomposition ([^1) we have 

tT7rr(/) = @m e tr7r e (/), 

where 7r e (/) = J G f(g)^ e {g) dg is of trace class, and defines a distribution 

^:C c 00 (G)3/^tr 7 r £) (/)eC 

on G which represents the global character of g. Selberg's trace formula for / 6 S(G) now 
follows. □ 
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Consider next a maximal compact subgroup K of G, and a G K. As a consequence of Theorem 
IH and Selberg's formula (|34]) we obtain 

Proposition 3. Let f t G S(G), t > 0, be the Langlands kernel of a semigroup generated by a 
strongly elliptic operator associated to the representation ttt- Then 

(Ar/t)(e) = — ^oTirE / <*Mb%fa(Pte/t 1/9 'MMx<r®X*)(h,k) 

(2n) di ™ G / K vol(T\G)t^— , JRegC 

d(RegC)(p,£,k u k) 



■hip)-. 



|det *£(p,f, fci, fc)jv (p ,,, fcl , fc) R C gc| 1/2 ' 

itp <o terms of order 0(t~^ dlmG ^ K ~ 1 ^ q (\ogt) A ^ 1 ), the notation being as in Theorem^ Here 
L a denotes the projector onto the isotypic component L 2 (G) CT . If, in addition, Assumption 1 is 
satisfied, the leading term of (L a f t )(e) is given by 

<W-[0v ®7iv)|H : 1] ~ u ~ lw , 

■ dung/K «ot(a/K), 

(2 7 r) dimG / if wZ(r\G)i — 5 — 

w/iere 

^(S/K) = e / A( P ,0«>(p)j>(p) d( ^g )(P ' , 
and ^ (p, = c (e) / Rd e^u 4 WOO e -% E I'/"" 1 ' (dc)(c) . 

Proof. By Theorem H tr n T (HJ t p) = tr7r r (#£) + 0(i°°), where < /3 < 1 is a test function on 
G with support in a sufficiently small neighborhood U of e G G, and which is equal 1 close to e. 
Furthermore, by Theorem |4j 

tr7rr(#£) = da ® a dimG/K E / <*&WfM(pU/ tl/q -> ki,k)(x* ® x^U^kjhip) 

(2 7r )dimG/if^ 5 t jRegC 

d(RegC)(p,£,fci,A;) + ^_( dim G/if-i)/8Q og ^A-ij 



|det $'/ t (P^fci,fc)AV«, fcl , fc )Rc g c| 1/2 

Next, recall that for any 7 G T C G, the G-conjugacy class [7)0 is closed. Furthermore, every 
compactum in G meets only finitely many [7)0, see [16] , Lemma 8.1. Consequently, by choosing 
the support of j3 sufficiently small, we obtain with (|34]l 

tr7r r (^)=vol(r\G)ff/ t (e), 

and the assertion follows with Theorem HI and Corollary 21 □ 

We now apply our results to heat kernels of Bochner-Laplace operators on compact, locally 
symmetric spaces. Let (tiv, Va-) be an irreducible unitary representation of K of class a G K. 
Consider the associated homogeneous vector bundle E a = (G x V a ) / K over G/K, and endow it 
with the G-invariant Hermitian fibre metric induced by the inner product in V a . Let g = tffip 
be a Cartan decomposition of g as in (TTJ), and consider the unique G-invariant connection V on 
E a given by the condition that if s is a smooth cross section, Y G p, and EE : G — > G/K is the 
canonical projection, then 

Vn,(r)(s) = j t s(e tY K)\ s=0 , 

II* being the differential of II at e G G. Let further = V* V be the Bochner Laplace operator of 
V, and denote by C°°(E a ), C^°(E a ), and L 2 (E„) the usual spaces of sections of E„. With respect 
to the identification 

C°°(E a ) = (C°°(G)®V (T ) K , 
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where (C°°(G) ® V a ) K = {<£ : G ->■ V a is smooth and </?(sfc) = 7r CT (fc)~ V(s)> k E K, g <E G), and 
the corresponding identifications for G^{E a ) and L 2 (i? cr ), one has 

A CT = -dR(Q) <g> id + id <g> ^(Sljf) = -dR{n) <g> id + A CT id 

for some A CT > 0, £1 and being the Casimir elements of G and if, respectively, see |14j . 
Proposition 1.1. As it turns out, the operator A CT : C^°(i? cr ) — > L 2 (E a ) is essentially self-adjoint, 
and has a unique self-adjoint extension which we shall also denote by A CT . It is a positive operator, 
and we denote the corresponding heat semigroup by e~ tAa . It is given by 

(35) (e-^)(.9) = / K( gi Mg gi ) d 9l , <p e (L 2 (G) ® F CT ) A ', 

where /if : G — > End(V^) is square integrable, and has the covariance property 

h1{g) = 7 r CT (fc)^(fc- 1 3 fc 1 )^(fc 1 )- 1 , g e G, k, fci e K 

As one can show, /if is actually given in terms of the classical heat kernel pt introduced in ([28]) 
according to 

(36) h°(g) = e tx ° [ [ ptfc^gkifaafak^dkidk, 

Jk Jk 

see [2] and [IT], Section 3. Let now L be a discrete, uniform, torsion-free subgroup of G. Then T 
acts without fixed points on G/K, and T\G/K constitutes a compact, locally symmetric space. 
Let E a = T\E a — > T\G/K be the pushdown of the homogenous vector bundle E„ — > G/K. Again, 
we have identification 

C°°(E a ) = (C°°(r\G)®K) K , 

and similarly for C^ D (E rT ), and L 2 (i? (T ). Since is G-invariant, it induces an elliptic, essentially 
self-adjoint operator A a — V*V : C°°(E a ) — > L 2 (E a ), where V is the pushdown of the canonical 
connection V. Let e~ tAa be the corresponding heat semigroup. With respect to a basis {e^} of 
V a , we obtain with (|35|) and ([36"1) 

dim a 

[e- tA '<p)(9)]j = £ M jk H?)[<p(g)]k, V G (L 2 (L\G) ® V a ) K , 

k=l 

where 

i k H?(g) = e tx ° f f ptik^gh^ikk^jkdhdk. 
Jk Jk 

Thus, e~ tAa is given by the matrix of convolution operators -K^(^ k H^). The kernels i k H° are 
essentially of the same form as the kernels Hp t defined in (fT5"|) . and we arrive at 

Theorem 5. Let a £ K , and A CT be the Bochner- Laplace operator on the homogeneous vector 
bundle E a = L\(G x V a )/K T\G/K. Then 

£tX ° lM Tr^o k f k ^^) + 0(e^t-^ G /«-W(lo g tf-% 

( 27r )dimG/A r 

where 

vZnz/K) = I A( P ,o a ' (p)jt y 5)(p ' e , 

and = (4vr)- d / 2 / R£i e il: '^ c ' (p)Ci ^e-l eEClXl l 2 / 4 **(dG)(0, b > 0, f/ie notation being the 

same as in Corollary^ 



tr e ° — Ui , 
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Proof. By Theorem 01 and (|26|) . we have 

t P k rr°\= etX " V I t( r\ (^( fcfc r%-fc a t(p)^(pM Re g c )(p>£> hi fc ) 

up to terms of order 0(e tACT i~ (dimG/A '~ 1)/2 (logi) A_1 ). The assertion now follows with (J2TJ) . □ 
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